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ABSTRACT

This paper proposes a new iterative algorithm for Monte Carlo criticality calculations based on 
the Adaptative Multilevel Splitting (AMS) algorithm initially developed as a variance reduction 
technique. The objective is to modify the AMS and use it in place of the standard Power Iteration 
technique, aiming at reducing the variance, the bias, the spatial and cycle-to-cycle correlations. 
As a first step towards proof of concept, the method has been tested on one-dimensional homoge- 
neous rods of different sizes, in a mono-energetic framework. The preliminary results presented 
here suggest that the method could provide promising improvements regarding cycle-to-cycle and 
spatial correlations, and thus reducing clustering. The AMS combined with branchless collision 
allowed for an increase in the Figure of Merit by a factor 63 for the keff, and by three order of 
magnitude on average for the spatial flux (from 4 to 105) on a 80 cm rod.

KEYWORDS: Monte Carlo, k-eigenvalue, correlations, clustering, Adaptative Multilevel 
Splitting

1. INTRODUCTION

Since the beginning of simulations in the nuclear field, Monte Carlo methods have been used to address 
neutron transport problems with fairly good fidelity regarding the transport physics. Among these problems, 
the fixed-source calculation, and the so-called k-eigenvalue calculation (also called criticality calculation) 
are the most used when it comes to nuclear reactor applications. Concerning the former, variance reduction 
techniques have been widely used to improve the performances of those simulations [1,2]. As for the later, 
attempts have been made to accelerate their convergence [3,4] and apply variance reduction methods on 
the effective multiplication factor (keff ) estimate, but sometimes with limited success regarding variance 
reduction [5].

To solve k-eigenvalue problems with Monte Carlo methods, the classical approach is to use an iterative 
algorithm called the Power Iteration (PI) [6]. In this algorithm, an iteration consists in modelling the 
transport of neutrons over one generation (from their birth until their death by leakage or absorption),
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and save the neutrons produced by fission for that generation/cycle. A renormalization of the neutron 
population is then done by sampling the sources for the next iteration from the neutrons saved during the 
current iteration (born by fission). The process is repeated until spatial convergence of the sources has been 
reached. These so-called inactive cycles are then discarded, and more iterations are done (the active cycles) 
to be used to compute an average of the scores.

Ueki and Brown, as well as Dumonteil et al. [7,8] have shed the light on the fact that strong spatial and 
generational correlations can arise in criticality calculations. In fact, successive cycles are correlated in 
the Power Iteration, because of the way source neutrons are sampled in each cycle [6]. Such correlations 
can cause some serious challenges for the estimation of eigenvalue (keff ) and eigenvector (the spatial 
distribution of the flux, and so, the derived quantifies) [9,10]. While methods have been studied to reduce 
the effects of those correlations (hence, reducing the "true" variance) [11], they do not allow a reduction of 
the observed variance. The following work aims at addressing the issue of variance reduction in criticality 
calculations and correlation issues through a new iterative algorithm in criticality, derived from previous 
work on Adaptative Multilevel Splitting for fixed source problems [2].

K. Frohlicher et al., Adaptative Multilevel Splitting for Monte Carlo criticality

2. THE ADAPTATIVE MULTILEVEL SPLITTING

The Adaptative Multilevel Splitting (AMS) is a variance reduction technique inherited from the field of 
applied mathematics [12,13], its original purpose is to help the computation of rare events in the case of 
Markov chains. It has been adapted to particle transport for reactor physics [2], initially for attenuation and 
shielding problems in non-multiplying medium. The following descriptions is partly taken from previous 
work found in literature [14], and concerns the algorithm intended to fixed source problems in multiplying 
media.

2.1. The Method

The idea behind the AMS algorithm for particle transport is to push the initial particles towards a detector. 
During the first iteration, N particles are tracked until their death and will represent N different tracks that 
will be followed during the next iterations. For multiplying media, each time a branching reaction occurs, 
a new branch is added to the track.

At the end of an iteration, tracks are ranked according to their importance, which is defined by the maximum 
importance reached during the simulation by the branches inside that track. The importance function itself 
must be provided by the user. Then, a splitting level is defined as the K-th worst track’s importance, and 
all the Ki tracks having an importance lower or equal to that level are discarded. K tracks are then chosen 
randomly among the N — Ki surviving ones and split at their first point whose importance is higher than 
the splitting level, so that the system again contains N tracks. At this point, a new iteration starts. The 
whole process is repeated until at least N — K + 1 tracks have reached the detector.

To keep an unbiased result, the final score is then weighted by the renormalizing factor computed during 
the last iteration, defined by

ai 1
j=i

Kj
N

(1)

where Kj is the effective number of tracks re-sampled during iteration j.

For multiplying systems, when surviving tracks are selected for splitting, it is necessary to consider all the 
branches of that track above the splitting level and copy them into the new track.

The method has shown good results for attenuation problems (comparable to those of exponential trans- 
form, the method could even compute a flux when the analog method could not, due to a lack of particles
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[14]). It has the interesting feature to be simple of use since only two parameters have to be set by the user 
(except for the importance function), the total number of tracks N and the number of tracks re-sampled 
at each iteration K. Concerning the importance function, it is only used to rank particles between them. 
This means that simple importance maps (e.g. distance to the detector) can be used to achieve an already 
interesting variance reduction.

More details can be found in the original publications (for particle transport in fixed source problems) 
[2,14].
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2.2. Adaptation to Criticality Calculations

In criticality calculations, the keff and the flux distribution (and derived quantities) are computed using the 
Power Iteration algorithm. In this algorithm, the neutron population is normalized at each iteration/cycle 
in order to follow the system across numerous successive generations, without seeing the system die or 
diverge in population.

To do so with the AMS, we follow the particles, not just in the phase space but also in time. Our idea 
is to push the neutrons towards a "time-detector" (here a target generation), and compute the score over 
intermediate generations.

Pushing particles toward the target generation requires a simple importance function £(g, r) defined here as

£(g,r) = g + f(r) (2)

where g is the generation of the particle and f a function whose image lies in the interval [0,1[. Here 
f (r) is only set to discriminate particles inside the same generation and avoid a neutrons accretion in one

generation, which could lead to an early stop of the iterations. In this paper, f (r) 1 was chosen,
1 + \x\

which allows to favor particles at the center of the geometry (i.e. those with the less chances to leak outside 
the system) for a given generation.

In multiplying media, following neutrons continuously in time implies dealing with a potentially diverging 
number of neutrons [15]. The AMS described in the previous section is only adapted for sub-critical 
systems. Hence, to avoid the number of AMS branches to diverge, particles were transported using the 
improved branchless method [16], to model critical and supercritical configurations. This method replaces 
branching and death due to fission and capture by a neutron’s weight variation, so that exactly one neutron is 
emitted at each collision. Therefore, the initial algorithm becomes the following. The first iteration consists 
in sampling N neutrons using a uniform distribution. They are then transported across several generations 
until all their progeny has left the system (by leakage). Then K tracks are selected for re-sampling, and 
transported during the next iteration until they become extinct. The iterative process is carried out until 
N — K + 1 tracks have reached the target generation. The scores are then computed for each scoring 
volume (i.e. each successive generation). To compute the ke// at generation g following

k (g)
e// $g-1

(3)

with the total flux estimated at generation g.

For the shape of the flux, its integral over space is normalized to one in each generation since we are only 
interested in its spatial distribution. Doing this, we can average it over the successive generations as it is 
done in the Power Iteration algorithm.

It is interesting to note that in this framework, particles are followed through time, and the splitting (i.e. 
the re-sampling of deleted tracks) can happen not only at production sites, but any type of collision point. 
Therefore, this algorithm show great similarities with an a-eigenvalue algorithm [17].
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3. APPLICATION TO HOMOGENEOUS 1D RODS WITH LEAKAGE

The AMS for criticality was first tested on simple cases for a proof of concept. The calculations were 
performed with a toy-model Monte Carlo code developed at the Institute for Radiological Protection and 
Nuclear Safety (IRSN). It only deals with mono-energetic particles, so no spectral effects were considered 
for this proof of concept.

The geometry is a one-dimensional homogeneous fuel rod with leakage (void boundary condition) at each 
end of the rods. Two configurations were modeled. Two rods, 20 cm and 80 cm, were simulated to evaluate 
the method regarding correlations on systems of different sizes. The physical properties of the two cases 
are shown in Table I. The systems were taken arbitrarily close to critical state (if energy had been taken into 
account, it would have been necessary to be close to ke// = 1 since spectrum effects would have biased 
the Power Iteration’s results, compared to a dynamic or a-focused algorithm [17]).

As for the simulation parameters, all cases/methods were modeled/used with 1000 neutrons per generation 
(for the AMS with branchless collision, this corresponds to 1000 initial tracks), over 1000 successive 
generations in 100 independent runs.

K. Frohlicher et al., Adaptative Multilevel Splitting for Monte Carlo criticality

Table I: Physical properties for homogeneous 1D rods

Mean number of fission neutrons (/) 
Neutron speed (v)

2.325
2.2 x 104 cm.s-1

Macroscopic cross sections
Fission (S/) 0.250 cm-1
Absorption (Sa) 0.575 cm-1
Scattering (Ss) 0.425 cm-1
Total (Stot) 1.00 cm-1

3.1. Study of the Convergence

To compare the convergence speed of the two algorithms, the Shannon entropy of the fission sites is moni- 
tored over generations. Here the Shannon entropy for the fission sites is computed over 100 bins, as follow

100
H = - ^ Pj l°g2 (Pj ) (4)

j= 1

where pj is the number of fissions in bin j over the total number of fissions in the whole geometry, with 
Pj l°g2(Pj) set to 0 if pj = 0.

The computed entropy is shown on Figure 1. No significant differences between the Power Iteration (PI) 
and the AMS are observed in the case of a 20 cm rod. For the 80 cm rod, the AMS seems to converge 
faster and to have a more stable entropy than the Power Iteration. For loosely coupled systems, the AMS 
could provide an acceleration of the convergence regarding the Shannon entropy criterion, compared to the 
Power Iteration.

In the next section, the results obtained after convergence for the ke//, the flux and the correlations are 
presented. To compare the two methods with the same number of particles, both algorithm were supposed 
to have converged after the same number of generations gconv, based on Shannon entropy observation
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Figure 1: Comparison of Shannon entropy for PI and AMS

(Figure 1, 20 for the 20 cm rod and 500 for the 80 cm rod), even if the AMS seems to converge faster for 
the 80 cm rod (around generation 200 according to Figure 1b).

3.2. Numerical Results on Effective Multiplication Factor, Flux and Correlations

3.2.1. Effective multiplication factor

The keff was averaged over (1000 — gconv ) x Nsimu estimations for both methods, where (1000 — gconv ) 
is the number of successive generations and Nsimu is the number of independent runs. gcanv was set 
regarding the Shannon entropy convergence of the Power Iteration in each case. The Figure of Merit (FoM) 
was computed to assess the efficiency of the two algorithms, it is generally defined as

FoM = Tt (5)

where a is the standard deviation of the mean and T the computation time. Here, the results are presented 
as FoM ratios, so that for a method

FoM
FoM (method) 

FoM (PI)
(6)

Table II shows that the AMS produces less scattered results around the mean as the 3a uncertainty is 
lower than for the Power Iteration, as seen on the 99.7% confidence interval in Table II, which results in 
an increased FoM for the AMS, despite higher computational costs due to the ranking and resampling of 
tracks. The effect is even stronger for the 80 cm rod.

3.2.2. Spatial flux

The flux spatial shape 0(x) was also averaged in the same way as the keff. The resulting profile is rep- 
resented on Figure 2. While AMS and Power Iteration are in good agreement for the 20 cm case (Figure 
2a), discrepancies not covered by a ±3a interval appear between the two methods for the 80 cm rod. Given 
that the system is symmetric, the 80 cm rod’s spatial flux was represented as a function of the distance 
to x = 0 on Figure 3, to check for asymmetries in both calculations. It appears that the Power Iteration 
produces asymmetrical results with 3a error bars that are not coherent with the discrepancies between 0(x) 
and 0(—x) (Figure 3a). This has been observed previously by Dumonteil et al. [18,9], and is due to particle 
clustering. Whereas for the AMS, the results for x < 0 and x > 0 are in good agreement. It seems that the
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Table II: Results on keff estimation (without accounting for corrélations).

Case Method gconv kef f 99.7% C.I. FoM

20 cm PI
AMS 20 0.97604

0.97612
[0.97567; 0.97640] 
[0.97606; 0.97618]

1
4.80

80 cm PI
AMS

500 1.00779
1.00828

[1.00728; 1.00830] 
[1.00825; 1.00830]

1
3.86 x 101

AMS is less prone to clustering than the Power Itération. To assess for the clustering, the effects of the two 
algorithms on spatial and cycle-to-cycle correlations are presented below for the 80 cm rod.

(a) 20 cm rod case : gconv = 20 (b) 80 cm rod case : gconv = 500

Figure 2: Mean spatial flux ±3a after convergence (g > gconv) for Power Iteration (PI) and AMS

3.2.3. Correlations

To carry out a diagnostic of the clustering, spatial and cycle-to-cycle correlations were computed. The 
spatial correlations are defined as correlation factors between pairs of spatial bins by

p(Xi,Xj )
Cov (f(xj), f(xj))

a^(xt)a^(xj )
(7)

where p(xi, Xj) is the correlation factor between bin i and bin j, Cov refers to the covariance, f(xi) is the 
flux in bin i and a^(x.) is the associated standard deviation. Those quantities were computed at an arbitrary 
cycle (here 900) over the 100 independent runs. Figure 4 displays the spatial correlation matrix for the 80 
cm rod. It can be seen that the maximum length for spatial correlation is 20 cm with the Power Iteration, 
and almost zero with the AMS, which means that clusters are more likely to appear with the Power Iteration 
than with the AMS.

For a better understanding of the clusters in this case, fission sites are plotted on Figure 5 for the Power 
Iteration and the AMS. It shows that clusters of fission sites are more present for the Power Iteration than 
for the AMS.
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(a) Power Itération (b) AMS

Figure 3: Mean spatial flux ±3a after convergence (g > 500) for the 80 cm rod for Power Itération
(PI) and AMS
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Figure 4: Spatial correlations for the 80 cm rod at cycle 900 for Power Iteration (PI) and AMS

In the Power Itération algorithm, cycle-to-cycle correlations arise due to the fact that produced fission 
neutrons are combed between each cycle [17], i.e. the source for cycle i is sampled among fission neutrons 
of cycle i — 1 [6]. Those cycle-to-cycle correlations were computed as follow

Pk (x)
COV (flo (x),flo+k (x)) 

apg0 (x)aèg0+k (x)
(8)

where pk (x) is the Pearson correlation coefficient for the flux in x between generation g0 and g0 + k, 0go (x) 
is the flux at x in generation g0 and a^ (x) its standard deviation. The evolution of the correlation factor 
is represented on Figure 6a for the 80 cm rod, for one spatial bin located around x = —17 cm, for k from 
0 to gmax — g0, where g0 = 500. It shows that the correlation factor decrease more rapidly for the AMS 
than the Power Iteration (PI). To assess for the attenuation speed of cycle-to-cycle correlations over all x, 
the correlation cut-off, arbitrarily defined as the minimum number of generation k for which pk(x) < 0.1,
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Figure 5: Fission sites over the first 500 cycles for one of the 100 independent runs, in the case of the
80 cm rod for Power Iteration (PI) and AMS

was computed. It is displayed on Figure 6b. This Figure shows that generational corrélations seem to last 
much longer in the Power Iteration than in the AMS, regardless of x. For both cases, a minima is observed 
on the center of the geometry, which matches the minima of the module of the flux first harmonic [18]. The 
correlation cut-off also has local minimums on the sides due to the fact that the spatial bins on the edges 
only have one neighbor.

(a) Correlation factor (for x = -17 cm) (b) Correlations cut-off

Figure 6: Cycle-to-cycle correlations for the 80 cm rod for Power Iteration (PI) and AMS

Multiple factors may be at the origin of those effects on correlations. First, in criticality, AMS method uses 
the branchless collision (see section 2.2). By doing this, the extinction of families is lessen and this could 
lower the chances to see clusters appear [19]. In addition, only a portion Kj/N of the tracks are splitted 
at AMS iteration j, and since the neutron histories are run until their death, multiple generations can be 
travelled across until it is necessary to re-sample. For this reason, AMS iterations show similarities with 
the superhistory method [11].

Finally, the real variances were computed considering the cycle-to-cycle correlations. The FoM calculated 
with this variance are presented in Table III. The AMS simulation shows far better FoM for the estimations 
of the keff and the spatial flux. For the 20 cm rod, one can observe that our implementation of the AMS
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deteriorates the flux FoM at some locations (Min(FoM) < 1 for the AMS). This is probably because 
corrélations are less important on small systems (this is why no clustering is observed on Figure 2a), so our 
algorithm might not bring improvements everywhere despite its higher computational cost.
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Table III: Results accounting for corrélations. gconv is set regarding the Shannon entropy 
convergence of each case. Average values are computed for g > gconv.

Case Method gconv
ke// Spatial Flux

ke// a(ke//) FoM Min(FoM ) Max(FoM ) FoM

20 cm PI
AMS

20 0.97604
0.97612

1.22 x 10-4 
1.96 x 10-5

1
4.80

1
2.40 x 10-4

1
1.08 x 103

1
1.36 x 101

80 cm PI 500 1.00779 1.70 x 10-4 1 1 1 1
AMS 200 1.00828 6.10 x 10-6 6.29 x 101 4.37 9.49 x 104 1.81 x 103

4. CONCLUSIONS

To summarize, this work presents how the Adaptative Multilevel Splitting was modified into a new al
gorithm aiming at reducing the variance, and unwanted correlations, for the resolution of k-eigenvalue 
problems. The results compiled here show promising results regarding the initial goal since the AMS 
seems to bring a way to ensure faster convergence and less neutron clustering on larger systems than the 
classical Power Iteration. In the end, an increase of a factor 63 has been observed for the FoM on the ke// 
estimation, and of three orders of magnitude on average for the flux in the 80 cm rod.

However, these encouraging results should be considered with care since the study is limited to one- 
dimensional homogeneous and mono-energetic systems, and call for more extensive studies to be con- 
ducted. On-going developments should allow a deeper analysis of the method on more complex systems. 
Besides, the results might be closer to the solution of an a-eigenvalue problem due to the way particles are 
handled in time in this method. This should be a matter for further study, especially since spectral effects 
have a non-negligible impact on the ke// and the flux estimations between a and k modes when ones move 
away from criticality [17].
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